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Formal Operational Thought ,and Learning
Strategies in Mathematical Structures

/
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.1GERRY Iv CHRISMAN, NOrthern Illinois University

1GRAYSONH. tqlEATLEY, Purdue University

Abstract

4.i
-Eighth-grade 'subjects classified as formal or' concrete operaton4

learned a mathematical group structure with either a pre-determined sequence

oif trials (Reception Mode) or a free chbice of trials (Selection Mode) .

All subjects learned a similat group structure one week later iri the
4

Selection Mode. Formal subjects learned in fewer trials and, used a more

effective strategy on IN:in-ta sks. Reception Mode subjects learned in

.fewer trials on Task 1. Reception training resulted in more efficient

.

'learning on the t ransfer task for concret6 but not formal subjeots. Sub-.

jects appeared to transfer rules, but not imposed strategies.
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FORMAL OPER.pONAL THOUGHT AND LEARNINy

'STRATEGIES IN MATEMATtCAL STRUCTURES

4

t,

Dienes and Jeeves (1965, 19'7Widentified a heivarchy of strategies
.

'used in learning certain ifthematical group structures. 9the) researchers
.

,

,
0

, .. 4CS.

. e
,(Leskow and Smock, 1970; Tagatz, 1967; Yudin and, Kates, 1963; YuAinh'1966) '

. I /
. have shown.a relationship between strategy in various t ?sks and'

%
'

.

chronological age. Using group structure tasks, the present study in-
,.

vestigated the dependence of strategy choice on stage of cognitive devel-

opment.

4

.

Developmental Stages

,

Piaget and Inhelaer (1969) have described four hypothesized stakes

of cognitive development in children, the last .two of which axe, concrete,

operations and formal.. operations. Although children mgress throUgh these
4

stages at different rates, the order of the stages is thought to be in---

variant. In the concrete operations stage, beginning roughly around 7

years of the child is capable of reasoning logically on classes and-

. ,

relatidhs, based always on his 'perceived experience with objects under con-
.

sideration. 'The concrete operational child alto acquires conservation or in-
.

/Ivariance eOncepts of various quantitative physic4 -properties, such es
.

length, number, liquid and scent pantIty, area, Hass weight, and volume.

3.

-

.

Beginning roughly arou nd 11 years of age, the'Child begins to enter the

...: .

formal operational stage (Piaget and inhelder: 1969). Formal thou ght has -

t.

\
four distinctive features: .reality as a subset of possibility, hypothetiC0-

deductive thought, propositional logic, and the combinatorial system.

A 4*
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Whereas a concrete operational child is oriented to concrete reality,

' the thild in the formal operational' stage is oriented to possiblity: For
4

.
A

him, reality .is ksubset of all -possOle situations. -Empirical results.are
/

4#
t

interpreted in.the.light of all possible consequences. The formal thinker,
,

verifies reen.ty by "casting possible situations in hypothefico-deductive

..statements (Sheenan, 1970)". He is capable of deductive ,reasoning on

hypothetical statements;` independent of his direct perceptionA y5f. their

".

truth Or meaning. He man apply logic to propositions, not just classes

and relations.

` An important feature of formal thought.ls the capability for com-
e\D

binatorial analysis. The formal operational child can generate the array

of all possible combinations of re levan't variables in a. problem. The.
-

..presence or absence of a combinatorial system in *a subject's reasoning is
. .

st cited by Inhelder and Pibget
se

(1938 pp. 279-80) as the'crucial difference.
!.

.
4

-beWeen.concrete ermoperational and formal QP l'thinking. If is' thisia
.-

.. ... ,

combinatorial-syte6 which ma kes itpossible for' the Child td
.

consider
i

variables systematically in a search forsfunctional relationships between

variables. The combinatorial. operatiqns make it possible for a subject to

tolasaeach variable in turn whilehopling the otherNariables'constant,
.

and to do this systematically. In contrast, the concrete operational child.

facpd witty a multi-variable .situation often, fails to consider either oom-

pletely or systematically the combinatorial array of possibli0.es. In
.1

an experiment conducted tiy Inhelder, where the ohildrein were to determide

/the variables affecting the rate of oscillation of a pendulum, "subjects at

the level of concrete operations [varied] everything at the same -,time

v 5
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(Piaget and lnheldei, 1969, p, 148)"

'Mathematical $tructure

. A mathematical example of an array of possibilities is the operation

3

table in certain mathematical systems. These systems oonsist of a set'
,

I J.

of elements together with a rule or functiori, call,k) a binary operation,

Which assigns unique result (ore of the set of elements) to each pair.

.

(hence the naive, "binarydP57of inputs from the set of element§.

Although addition:subtraction, and other arithmetic operations are

defined on an 'i finite set of numbers, binary operatiSns defined on a

elements are also of interest to mathematicians. Dienes and

1970) develloped a tasie with which they studied strategies

finiteset'bfr

Jeeves (1965,

I

- for learning binjry operations from certain finitellatheRaIlcal systems.. .

Their subjects learned the rules of the system through a. series of moves,
4.

. 1
I f

or trials, in a game-like situation. They set up a "machine" with a window'
... 4

.. .

ft

twhert one of a small set Of symbols .was shown. This was the "state" o

fAthe machine.- The subject (or learner) could choose one of_the same,set of

symbols to"Iplay".. The "state' and "play" pair of symbols determined a'

.

. s'_.

..

unique result as the next "state ".. The subject was allowed to make ucces-
. 6 .111

. It

sive Plays, in an attempt to learn the "rules of the game", that 3e, to be

; able pc predict the result for any given ,pair, of state and.playf

4 ' .

T-
Strategy

Dienes and Jqeves describeea hierarchy of three types of strategies,

from lowest to highest: memory, where the subject learned each combination

' or pair separately, with no connections between,the pairs; pattern, where

4
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the subject organized the set of pairs into subsets, each Overned by its
t "'

own rule or pattern; and opatr, where the,subject viewed each elemerit as

an "operator" transforming .each of the symbels it was paired with, evidenced
,

by the s:Vect holding ope of the symbols constant over 'several learning,/
.

trails to investigate how it Operated. In addition to the three "pure"
i

.strategies described above, mixed strategies were ob rued.

Mode of Presentation.
.

%lb

The subjects in Dienes alid Jeeves' study were cftstrained in their
.

rd
choices by the result of the revious maw, as noted by Branca and Kilpatrick

(1972). Branca and Ki4patrick suggesyA that the s,.,trategy scores might

-...have been. somewhat insensitive to the actual strategy the subject wished

to use. Kellogg (1973) and Jeeves. (1971) both report that subjects alloed '

- -to freely chooie Both inputs learned significantly faster than in the
-or' 4

. .
.

'state-pla-state 'format. Kellogg reported consistency in strategy use

across the two formats.

Either the subject or the experimenter can choose the input pairs in

, learning trials. When the subject hasfree choice of theinput pairs (and

their order) for all learning trialsthe task; ies in a selection mode. If
-

the experimenter selects the sequence of,input pairs to be presented to the

learner, the task is In a reception mode. This di;tinction it parallel to

one Made by Bruner (1956) in concept attainment tasks. He. classified the

task as .reception or selection depending on whether the experimenter or the

learner'could choose and order the examples about which the learner was to

receive infbrmation.

.0
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Since the learner contro e sequ nce of information which he

"

V

examines and processes when using the selection mode, this mode is ideally.

Useful in studying the learner-1,s strately.7 In particular, the formal

opefational child, with his A!.pity for comt\inatoriailtrught, should be
A

411

able to consider the full range of possible:input pairs, -organizing and
*/, ..I

investigatingthem systematically. The concrete operational child is mire

likely to be satisfied with and only capable of an incomplete or unor-

.

ganized examination in input pairs. The formal operational child- should

' seek to isolate the effect of each of the two variables he controls (the

1

two inputs) by holding one of them Constant and'varying the other. The

strategy of hRlding one input constant while investigating the effect of 4
.

g
sgs

1

varying the other input ir/vrhat Dienes and Aeves label an operator strategy.
$

PROBLEM

Since formal operational but not concrete operational children are

expected to apply combinatoriaIioPeratiOns in a multi-vii-iable sittiat*, an

operator strategy should be used more often by the formal-operational than

th& concrete operational children. The present study attempted to examine
a.

the validity of this conjecture. If there is a differensedin strategies,

it may be acdompanie by 'increased efficiency in learning for fdrmal opera-

tional children. This sta y exa mined whether, 1,A selection formal

operational children ;earn in fewer trials thap.eoncrete operational children

aa?!.Such a difference in learning efficiency may be due not oply t8 theNuse

of an operator strategy. But'also to an increased'capabllity to handle the,

8

.4



"el

4

\,)

4

4.e,

'se

-

information as it is structured by an operator stray. By experimentally

11

-imppsingan operator strategy, the Oeception mode can be lined to study-the

'learn r s ability to process thii structured Information sequence. :This'

-study ttempted to determine whether fOrmal operational children use the

,information from an imposed-operator strategy sequence more effectively,
%t

.

and thus learn in fewer trials than concrete operational children.
4 .

.
. a

.
-.,

'Within the limitations of its design,, this study alsb attdmpted to

provide information about the effect of presentation mode (selection vs.

reception),an0 developmental stage .(concrete vs. formal) on transfer tb a

4 "later task.

`'
PROCEDURES

s.

The instrument used to. classify students as concrete or fortual opera-.

tional was a minor modification of a test developed i)y. Longeot (1965) and

translated from French to English by Sheehan (1970). A few items were re-
.

worded for clarity and therfour subpart's of Sheehan's version were rearranged

for ease=of administration in the cooperating'school. The test contained

deductivd r easoninvitems, proportional thinking items, and items

the listing of all rogical possibilitieb fbr certain events (combinatorial k

items). Criteria supplied by Sheehan were usedvto classif§:students as

concrete operatibnal fofgal operatiOhal,'
10

Sample
1.

. . ,. li
.

The subjects were selected from the 305 eighth-grade mathematics students

in a ural-suburban junior high schbol. Two hdnarediity-one completed all/ ,
. . . ---.

0.

9

c
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sections of the classification test. Usifig, Sheehan's criteria -(1970),
. ,

, .-

7

-

120 students were classifiedas concrete operitiona
'4

operational, with 26 stud,nts unclassified.

.
.

, , ,A random sample of120 students was drawn from the list of thqse pupils

,classified concrete operational. Similarly, a random sample of 211
., .. ,

. , _,' ,
.

.subject chosen from the formal pperational list: Subjects more asked
-..:.

and,105'as formal

1

by the math "team leader'if xhey,wduld be willing to participate. Three
,

formal and six conretesubjects dcclined to participate and-were replaced, .
.

.. .r.A 'with randomly chosen replacements from the respective lists.
. .

.

] .
...

. .

.
.

t'
Exprimental asks '

. I .
. \ .

1
.' .,O -. .".;.

.' .. .
Each of

.

the 40 subjects mas presented indiyiduallY kith two experimental(p..,
i . ...?

.

4Itaske,'thasecond task aproximately one week after the first, vi3Oth experi.'-----Ic1 t...
.. ..

mental taskswere'presented using a gameboard with three columns. The .

47
.... gameboards for Task 1 and Task ,2 are shoWn in Flgure 1.

.
.

. .

Each subject was told that he was
.

to legrft
.the rules of a game. Ea6 +11..1 ;

1

t.'
time a icture in the first column and a pic,tuie'in the second. column were

.

k.

,4

chosen (using,markers on the gameboard), that pair would determine a certain

answer or resat in the third column, according to the rules of the game.
.

A third.marker in the final column 14as used for the subject's prediction
2-

and for the experimenter's feedback of the oorrect response to thegiven, 4
44.

'input pair.

ril .

Insert- Figure

=lb .1. S.* .0 ON .16
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A learning trial consisted of three parts: (a) a choice of inpup pair
i

. (ebbject's or experimerter's choice, dependidg on ,the experimentartreAlic.

. ment); (b) predictionoff the Answer by the subject; and (c) verfficati8n .40t...... .,
..

(,

or'correction of th© answei by.the experimenter. The particular rules or!
-

Jc
1 4.v...operations which the subjects were asked to,learm are summarized

.
by the

.

' c

-operation, tables tin Figure ,2. The mathematical systems illustrated are

the cyclic grogps of order 4.and 5,erespeChively,.

. Insert Figure 2 about here

Each tasktWas-presented in blOCks of_ 2-learning trials, each block being.

fol ]$owed by - a criterion, test to assess the subject's learning at that

.

point: The subject continued receiving the 32-trial learning blpcks"

.

1

.

uptil he passed a criterion test.. The task was then tetminated and the
4

.

b subject was interviewed.
'

1
.. . .

A,

Tasks were presented in either a Selection Aode,' where the su1ject

chase the inptit pairs and thelr order,.oin a Receptian'Mode, where the

input pairs and their ordel- were pre-determined and presented by the ex.-:

perimente'r. h Selection subject was told he could choose'to pit. the'

omarkers-on any input pair and the correct answer wquld be indicated. He

would receive answers for each pa4 he choge, in whatever order he thought

would help him learn the rules of the game. Each Reception subject was

told that:theexperim enter would show him the answer tar the various pairs.

He was to watch the esults and attempt to learn-the rules -of the gambl

Each, criterion test was aoset.of trials selected from the operation 1

table of the structure to be Jearned id the task. The experimenter present-;

ed an input pair'and the subject pFedictyd the answer. No corrections were*

made on individual pairs; the .subjects wads told at the end of the test- how
,

many he had done correctly,"e.g,, 6 out of 10". Notall possible airs .

.
.

;Is

(.1
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were tested on each critec.ion test, ai'lessen the amount of time spent on

testing and thus make} standard periodic tests teasonabie. Preliminary-

.tudy indicated that'10 trials for Task 1 and 15 trials for Task 2, if
..

chosen -to be tepresentai'ive of th.e mathematical structure, were sufficepto- . . .

9..

to indicate reasonable riastery of the operation rule. The particular
.

'

selection oftrials was varied from one criterion test to the next.

After the learning of each task was completed, the- subject was asked

.to des&ibe the squles of the'game".as he saw them.

Design and Dependent Measures

.

The 'two main independent :variables in this study.were Piagetian stage
,

,
. of cognitive deVeloPment and preeentation m ode cyfthe first task. TheAe

'.
,

are referred to as Stage and Mbde,,re*'pectively,' in subs.eNerii'discussions,

/ .

The task apsignments'in tlyis study can'be piclured asshown-in Figure 3.

f . . .

.,
... 'In*e rt

iI
F igure 3 about, here.

/ ..
. )

.-----
,

Dependent Measure* .1.....,,

e
-12'..

11 . .

... 1 .

`...
-. . .

.

4 .
I

Many measures could be constructed from the trial-by-trial raw data

available'on each subject. Thit study was conCertiectwitil. the7measures
. .

desceibed btlow.

N

,-
. ,.

Operator Score was designed to measure the-learner's use,of an operator.
I

V,

strategy. Operator Score was the fractional part of.ali trials which were

patt of operator runs. Ift an operqorrun,Npne of the'inputs was held con-
,

. . i

I

i
*

* I ;

;
44% .

12
r.

1. , ,

. o'
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stant,throughoUt 3.or more consecutive triels. To obtain the Operator

Scofe, the number of.trials.involved in such runs wai divided by. the total

number of l earning trials.

Tiials,to Criterion was designed to measure hdw many trials cat4,
. .

subject needed do master the task: The actual number of trials completed

Naas always a multiple of 32. Although subjects may h d;cd mastered the task

the middle Df a block of trials, this was not revealed until the
I

AO

.

criteriorl testafter the full- ble4 of 32 trials. Thetefore, mastery of
.

. t . .

Ithe task was .operationally defined, to 'occur at the earnest trial, after

which no ;sore than one, prediction, error occurred. -Ixials to Criterion

-41100$' was defined -to be the number of trials up to the-point of mastery:.
r .4
After each task the subject was asked to describe apy patterns or

relationshijos he observed in the task. These Task Descriptions were

I.

, ..

clAssified by rthA ter according to c4tegorieswhich wilf be
- . :

..
.

.

described in the,resulta section. - ..

.. k. .
. , s

,i (% ''N

, , . _I
.

.

Trials,.to Criterion . / .

i
.

4,

A.Stage.x Modp,inalysis of variance was conducted for Trials to.' .

N, . aiCriterion on Task 1. Table 1 preSents the results pfiflis analysis, with
_ .

.1/

corresponding cell mans and standard deviations in Table 2. .Both main w

4

effects, Stage and Mcie, were signilficant (p < :01) while the interaction"

was negligible. 'Formal subjects learned in fuser triali thanooncreted

subjects add'Reception s learned in fewbr trials than Selection subjects':
A

.;" 9 4'

Inseit Tables 1 and 2 about here.

f

'
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Table 3 submarizes

for Trials to Criterion

are. presented in Table 4

. 4

the results of a Stage x Mode 'analysis'of variance

on Task 2. The corresponding descriptive staristict

...

. A'significant Stage effect (It< .0.5)\for Trials
.

..
.

to Criterion faVored she fdrthal. subjects. Reception subjects learned in.
4,

. V. rt
1 1

fewer xrials theh Selection subjects but the difference was not _significant

(.15. <

<.11).

II

.
.

.20). The Stage x Mode interaction effect mproaches significance
. .

.
.

A simple effects analysis '(Winer, 1971, pp. 436-441) indicated

thaqmphe concrete- formal diffetence was signlificant only.

subjects -.and .that. the Selection-liecepion difference was significantOnly-
,

for concrete subjects..

for Selec4i.on
42'

(t

..

4

..)Operator Score

- .
. .

- Insert Tables 3 and 4 about here

4 Iso
V

41- /Vi

.1v .

' OiDeratoN Score was obtAi

trials, i.e.,

present Tor Operato

only for subjects-with.free.choice4of 1
. .

di the Sdleciion, Mode, Thus, ,no Mode factor was-

ion Task 1. .the results of,a one-fadtor (Stage).
.

,..

analysis of variance of Operttor Score on Task 1 are presented in Table 5.

ka .

-Formal subjects had,, higher meafi Of3eratoi, Score than concrete subjects

(.32 Versus .1N:but the differ4tice was do; significantC.15 <1' < .20).
.. -

4"

Insert Table 5 about here

1

a
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Since Tas- k 2 as presented jcompletely' in Selection Mode, Operator Store

was available for,a11-40 subjects. laiale 6 summarizes the Stage x Mo de

analysis of variance for Operator Score On Task 2; Table 7 presents the

corresponding cell means and - tandard deviaVons Formal spbjects.had a

$

significantly Higher mean Tisk 2 Operator Score (E < .05) than concrete

.subjects. .Both tare Mode and Stgge x Mode effects were negligible for fi

Task 2 Opdrator Score.

.

Insert Tables 6 and 7 about here

SttSdent Descriptions of tite Task

0

After Tisk 1 andagain after Task 2, each subject was asked to de-

scribe the "rules of the game" as he saw them. He was encouraged to tell

everything he noticed about how the game worked. TheSe descriptions

were classified by the experimenter into the following.categorie

J Operator, The subject desefibed each symbol from one column in
A

% .

terms of how it operated on the1/4symbols in the other column.

F.or example, several subjects laid that the symbol. '?' moved

everything one space up on the board.

Counting. The subject- obtained each result by counting squares

1

on the playing board up o'r down the columns from one or

A
more standard reference pairs or'fromthe previous pair.

Subjects often used'the doubles such as ($,$) and ( )

as reference points*from which to count.

15
I



Pattern. The subject formed sets of related pairs, using a knewn

13

result for one pair to'help find thetresultIto another. Some

of the relationships used were commutativity,'symmetry, and

. .

the identity property. To be classified as a Pattern de-

Scription, there should be no isolated pairs left unrelated

to another pair okpairs.

. 4

Pattern- Memory. ame subjects used a pattern description for

Only part of the task pairs and individually memorized the

others. Often the'only pattern described was the identity

property.

Memory. The subject memorized each pair separately, indicating . '

no awareness of-any relationships.

For the purppses of:the present analysis,. a simpler three level system

dka-

of classification was' used: Operator, Counting-Pattern,
land'

Pattern-
.

. .

Memory {including full Memory descriptions). The numbers of subjects in

each Stage x Mode cell of the experiment who gave descriptions in each '

of the three categories are presented in Table 8.

-Insert Table 8 about here

)

10
A
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/

To determine whether the task descriptions were independ4ntof Stage

1./4

and Mdde the V statistic was applied to the appropriate contingency

tables, with the results presented in Table 9. -

Insert Table 9 ahollit here

%
J.8,

.. .On both taski, formal subjects gave more Operatc)r descriptions and

feweriPattern-Memory descriptions than the concrete 'Subjects. On Task 1,

Reception subjects gave more Operator descriptions and fewer Pattern-Nemovy
.

descriptions than the Selection subjects. On Task 2, Reception subjects
01 -

tended torgive more Operator and fewer Counting-Pattern descriptions

than Selection Subjects.

i'

.
Y . 'lb l

.

In order to exaaine the relationshtp between descriptions on TaU-
1. '4..

.:. ,

1 nil descriptions on-Task 2, a continaency 'table (Table 10) -of Task 1.
,

).
.by Task 2 descriptions was consti-uctedi. l

4
1

:Insert Table about here
I

""'

. ,

W.TenEI -eig of the forty subjects gave descriptibAs in the same

...fategoryon both asks.'If the catego ies areviewed as forming a hierar-

chlcal st$2:e with Operator 05 the high t level and Pattern- Memory as the, .
.

i . ,
. lowest, only three subjects changed to 4 lower level,on Task 2, while nine

.f-
changed to.ehanged to a higher level description Nineteen of the twenty-

.

one subjects.. ho' gave high level (Operatc4. or Counting-Pattern) descriptions on

17.

at
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Task 1 also gave high level descriptions on Task 2.

15.

I

Only ten onthe nine-

teen subjects who gave low level (Pattern-Memory) de criptions on Task 1

also gave a low level desc.ription on Task 2.

DISCUSSION

( 4..

.

A primary purpose of this study was toAetermine whether there were . ..*

. .°
#

difftren'C'es an strategy pse between coNtrete and formal operation a
. .

. . . .

children. The pvidenc9 supports the hypothpsized grrategOiftere ces,..

S

with formal sub4ects having a higher mean Oper'ato'r Score than concre

,subjects on both tasks. sThe,Overallfference'was not significant
.

. Z '...
p

1

*(.15 < 2. < .20)'on Tagk 1; .015..le it was on-Tesk 2 (.<#.05). 'It Should,

, be noted that this comparison, involved only 20 subjects On Task 1 but 4,0

subjects oil Task 2.

A more complex,task with pethaps more variables may have.shown a stronger

strategy difference. lnhelder and Piaget (1958) suggest that children in

the late concrete stage might be able to.systematically explore one or

possibly twd variables, but yrobably not as many as three to.five. They'

note (p. 63)' that dulttplitation of concrete relation$ may be used when
,

.
.

two variables, such'as length and thickness, are homogeneous (that is, both
. .

are spatial), and a lesser aunt of one can be compensated additively by a

gain in the other. Pormal thought is required to handle compensations

between heterogeneous factors such length and density.

The two variables (first and second input) in each task of the present

study are certainly homogeneout and theiraction does compensate additively

for each Other: moving up' one symbol in the first colt= is compensated

a



ti

16
for by moving down one it the second column. Thus, the particular format

. s.
used for the tasks in this study may have rendered them mort easily sole-

.

able by advanced concrete operational thinking.
e

Despite the fact that Reception subjects learned more quickly and

were exposed to an opefator strategy equence.on Task,l, there was no.
6

1 ,difference between the effect'of Reception and Selection training on_the
a'

. 1

n
4 use of.an operator strategy on the second (transfer) task. It is riot

.known whether the expefience in'Tas k'l had any actual effect on operator,

s;rgitegy'use on the second task, since no groUp 'received the

transfer task without previous traiping. The fact that Reception-trained
e.

subjects .had Operator-scores as high as the Selection-trained subjects may
.

toduCto the particular` sequence used, in the Reception Mode in tilid,study. .

Certainly other se mayhave different effects oil both'igitial

learning antransfer to late.tasks.

It was suggested in a previous section that formal subjects,coulq ap-
4 '

.

ply combinatorial thought to systematically explore 1 Selection Mode task
.

and would thus learnit more quickly than concrett subjects. The evidende

from Task 1 and Task 2indicates net formal subjects did learn in fewer

trials than concrete subjects in Selection :;ode, The results,also indicate

,

that formal subjects were able'to tke advantage, of the structured data in

the Reception Mode and learn in fewer trials than concrete subjects in the

Reception Node. Generally0formal opptational children not Only adopted

an operator strategy more than concrete operatipnal,dhildien, they also.
.

.

-Used the resulting information more effectively.
.

%

.,The advantage of an operator strategy for learning a task lies in the-

organization it imposes onthe data, enabling the subject to identify the

1

'
..

19 ,



role of each of the_cariables. E4We if concrete subjett do not spon-

taneously adopt operator strategies, they may be capable of,using the

information as it is structured by an imaVeldOperator strate&., In 'this,-
t ..

. ,'study,. concrete subjects learned more quickly in the Reception Mode -than

17

in the Stlectioh Mode. Far these concrete operational children, the

imposed operator strategy Sequence, by holding one variable constant,' may .

have reduced the complexity of the problem so that it Could be handled

more easily by concrete operational thought.

Formql operati.onal subject's also learne& more effectively in the

Reception Mode than in the Selection Mode. In the present'sludy0f6.rmal
.

.
.subjects may have become preoccupied with the planning ef, a strategy in. .

.
. \ P `i I.

Selection Mock or they may have experienced difficulty in coordinating
.

,

,

the search aspect and the information processing aspect prthe task.'
'

. , - - ."

,Furthermore, formal thoUght. is probably not fully developed and stable
4

- for eiighth-grade children. They may-not be able yelappay formal thought

,vreadily on a novel task 'and may be inefficient in using it. Thatz (1967)
,

.fo

,

a that, f fifth and gixthgrade subjects trained in a concept
;

1/4.*

attainment str tegy rettuiring formal operational logic, those "who used
o'

this strategy.t ok more trials to learn than those who reverted to a

strategy de a ent only on concrete operational aogic.

44

.

The results fOr Trials to.criterion on Task 2 presenta different
. .

_pattern than that for Task 1. Among formal subjects, those w o had

rived Selection training learned Taslc. 2 in slightly fewer trials

than thine who lad received Reception trainAg. Oh the other hand, among

concrete subjects, those with Reception training learned -conqiderably

8 4
I.
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fastei than those with Selection training.' For Task 1, the superiority

of Reception Mode subjects on T;ials to Criterion was explained by the

application of concrete logic to Oe structured data from an imposed

: .operator strategy. However, Task 2, was in the Selection Mode for allel
e

,

* -s'ubjcts, so concrietelogic was not longer sufficient.
...

Reception train -a'.
f ,

ing did not induce a higher level of operator` strategy use on Task 2.
. . ''.\,..% 44

sThe mechanism by which concrete Ojects,beilefited from the Reception

'Mode seems to be by means of the.Aransfe'reble insights or generalizations

which these subjects were able to achieve'in the Reception Mode on Task

1 more easity than in the Sel ,pction Mode. Reception=xrained subjects

gave more high level (Operator, Counting, or Pattern) descriptions for
. ,

Task 1 then Selectibn-trained .subjects, especially among concrete.gbb-

jects. Subjects giving these high level descriptions for-Task 1 had

generalizations available which could be applied to Task 2. Subjects
. .

giving low level (Pattern-Memory or Memory) descriptions for Task 1 had

either no generalizations or'one of.limited scope to transfer to Task.2.
.

/
The advantage of the high level Task 1 dscriptiOn to'r the learning of

Task 2 can be seen in Table 11. This .table presents the wear; trials

to Criterion and mean operaXor Scare folhTask 2 fox those subjects who

gave'each of the three levels of Task 1 descriptions.. - .. / ,
, ..

- "".

' 411) N

.

Insert Table 11 about here

21.
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Analysis of variance and Neu an-Keuls post hoc analyses irlicated that ,

groups 1 (Operator) andit ( untin -Pattern) learned significantly fasterA
<.0.5) than grdbp 3,(Paqern-A ory, but did not differ from e&ch other.

- .

There were no significant differences in Operator Score among the three
.

,-

i ./groups. Thus, the high level descriptions obtained on Task 1 seem.to be
.

-,, ,
*

1

beneficial for -learning efficienty on, Task. 2, but not through the.Agreater
. ,

use of tan operator stratgy.

The effect Of the tVansfer of'task.generalizations'can be seen -Vary

; ..
clearly in the Concrete-Reception cell. The fiveConcrete-Reception sub-- l /

?
p

jects who gave a high level Taskil description had a mean Trials to_Ccite-

4' -
.,

rion of 44.4 on1Task-2, while the other five Concretp-Reception subjects-

/had a mean Trials to driteiiqp-of 185.4 on Task 2. For comparison the 10

Concrete-Selection subjects, of which only one gave a high level Task 1

' description, had a mean'trials toCriterion of 185.5 for Task 2. Thus, the
4011.

"aftantage of koception training for concrete subjects for Task 2 :trials to
.

Criterion-can be attributed completely to t1p performance of the subjects

a

who gave high level Task 1 descriptions.

While formal pAception Modesubjects learned faster than forfnal

tion ;'ode subjects on Task 1; their performance on Task 2 waaA essentially
P

equivalent. Selection - trained formal subjects may have been less distracted

by the search aspect on Task 2 because ltheii experience with Task 1 in:

the Selection Mode. At the same time, Reception-trained Subjects.had to.

adapt to the more demanding Selection Mode.

however, that the principal reason*for.a la

effect between the two ltvels of Mode amo

It seems very possible,

k f difference in transfer

4
formal subjects on Task 2;.was,

that their scores approached a realistic minimum number of trials requited

22
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to master Task 2, Mastery of Task 2 within the first two blocks. .(64 trills)

.required immediate solution'of the task with little experimentation. Th&
1

was accomplished only by subjects who had "gchieved very firm and.tranOr-

able generalizationswhich.they remembered and were a ble to apply approxi

mately a week after they completed Task. Students who had not achieved

" such generalizations on Task 1 required longer to learn, as indicated.
1

earlier in the discussion of Table 11.

In summary, Receetion training with an imposed olferftor.strategy

seems -to lead to more 'efficient initial learning, but nit to stimulate'a

greater use of an operator strategy on

training. Reception training efs7/14.to

'a transfer task only if the learner has achieved *generalitzations which

-a transfer task than does Selection
1

lead CO more e ciene4levning.on
4

are transferable from.trainingto transfer task,. Inihis study, the two
4

tasks had similar solutions. Use of less'similar task might be expected

to
4.

yield'quite different transfer results for both learning efficiency

sand strategy use: Also, geception,training using other types of learning

tr'lal-sequences may not result%in similar transfer effects.
c

In connection with the overall male- female diffefences found on Task

1, ehe.initial difficulty on the part of female subjects may hate beeredue

to la ck of experience with task requiring active experimentation or to the,

inhibiting effect'of the presence of a male adult (the experimenter) on

the females during the task. In either case, the experienceof Task l'
A t

seems to have been sufficient to eliminate the differences.

Conclusions .

The principal'conclusions'of this study.are summarized belqw.

1. Formal subjeqN learned in fewer trials and tended to use an

2 3

& 'R
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operb.tor strategy Ilore than concretesubject
. At

2.

,

`..

2. Subjects in the Reception Mode learned more quickly.than subjects
.

in the Selection Mode, while therewas no difference'between Reception 1,

,

and Selection training in stimulating use of an operator strategy on a

subsequent task.

.

3. Rec4tion training using an imposed operator strategyguided sub-

Selection
-

iects to more transferable generaliiations than training, re-

11, .
. i

.

sulting in more. fficient learniFig on the transfeitask among concrete,
i

4

subjects..
, .

Generalizations of these'torlusions must be qualified by the .choice

tasks and sample size used in this study. A diTferent'pattern'of
I

the
.

petformanae of'subjec64 on Task 2 seems to haves been related to the

type of insight gained on Task 1. Also, despite the small sample size.

* .

necessitated by time-consumEig interviews, the study:has;laida basis for :

e
ter effects might-be Bound for less structurally similar tasks; since

ft
'further research.

Only one type of!sequence was used'for the Reception training in this

, ?tidy. The effect o other.types of Reception mode seqUences and methods

-of training on.bott learning efficiency and strategy use needs to be

investigated. ' TypiCal-classroom approaches such asexposition and

detonstration a& well as the.use of concrete Models might be examined

and compared.. Emphasis should be Placed on.the ability of subjects to

transfer strategiei3 to types of problems besides those on WLch they are

trained.

Comparisons. between formal and concrete thinkers should be. extended

to other age levels, especially older adolescents andadults. The type
w

1
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22a.
of_reseatdh design used in this study, where subjects within a limited

.

'age range were classified as concrete or formal operational and then com-.
-

pared, should be used more 'widely to study strategy differences as well.

4
as .the ability to learn.or discover mathematical concepts. 'bifferAnces,

obtained simply by comparing subjects at different age leyels can be

cor:side'redonly,a,sugeestive of changes actually' due to cognitive develop- f.,,,,

aii;

ment, which.is confounded with other age- and experience-related:factors.
- .

The relationship between cognitive develOpmvit and the thought pro-

,cesses used in mathematicak learning may be studied by embedding mathe--

matical concepts in tasks that reveal choices and

.cognitiye prodtSses as well as cognitive products.
A

itions mirroring

e study of strategy

sequences,in this experiTent was au attempt at this approach.
r

Finally, the fine structure of Piaget's construct of formal opera.
.

. ,

4
needs further research and explication.This' will hopefully lead'to.mAe

.....0-

reliable and valid gimp assessment procedures, yielaing more'detailea
,.. .

. .,..,,,s , ...,. developmental information fotboth earCWand applications: .

. .4

rf .

* . b
. '

a

.

.
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. TABLE 1

2 (Stage) x 2 (Mode) ANOVAff or Ta.sk 1 Trials to Criterion

Source df MS . F-ratio

I.

Stage 1 27667.6 7.96***

-
Ltt

Mode 1 26522.5 7.63***

Stage x Mode 1 532.9 .15

Within (Error) 36 3475.2

Total 39

*** .a < .01

4

28

1
/7

4

t.



*N

TABLE 2

Task 1 Trials to Critejion Means and 'Standard Deviations*

(standard deviations pare theses)

Selection- Reception Total.

Formal 157.5 98.7 128.1 .

. (65.9) (45.6) (62.8)

Concrete 202.8 158.6 180.7
(53.6) (68.0) (63.7)

Total l80a 128.7
(62.9) (64.1)

'* 10 subjects per cell

A

29



TAB LE 3

2 (Stage) x 2 (Mode) ANOVI for Task 2 Trials to Criterion
t:

Source
o
df MS ' F-ratio

Stage z 1 35046.4 6:48**

Mode 1 10758.4 1.99

Stage x Mode 14288.4

Within (Error) 36 5411.8

Total 39

** 111< .05

t

S

4

or
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TABLE 4.

Tgsk. 2 Trials to 'Criterion Means and Standard Deviations*

(standard deviations in parentheses)

Selection Reception Total
.

Formal 88.5 93.5 91.0

Concrete

(48.9)

185.5

(71.6)

114..9

(59.7)

150.2 t

. (79.2) (88.7) (89.55

Total 137.0 104.2
(81.1) (79.2)

* 10 subjects per cell

V

3i a

.
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TABLE 5

ANOVA for Task 1 Operatdr Score

SourCe df' MS F-ratio

Stage 1
c

.115 2.10
.

Pithin (Error) 18 .055

Total 19

f#

32
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TABLE 6

2 (Stage) x 2 (Mbde) ANOVA for Task 2 Operator Store

/

Source df MS F-ratio

Stage ,1 .409 6.0**

Mode 1 .024 235-

Stage xMode 1 .000 .00

Within (Error) 36 .068
.

Total 39

** P < .05
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a

TABLE 7

Task 2 Operator Score Means and Standard Deviations*

(standard deviations in parentheses)

Selection . Reception Total

Formal .56 .61 .59
(.22) (.23)

Concrete .36 .41 .38
(.23) (.33) (.28)

Total ,46 .51 '

(.24) (.30)

* 10 subjeCts per cell .

r
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TABLE 8 14

Numbers of Students Giving Each Type of Description on Task,' and Task 2

Counting- Pattern-
( Operator Pattern . Memory

Task 1

Selection 3 3 _, 4
Formal

'Reception 7 2 1

. .,

SelectioA 0 1 9
Concrete

Rdception 4 1 5

task 2

Selectign 3 7 0
!Formal.

Reception 6 2

,Seleciion. 0 3 7
Concrete

Reception 4 3

S5
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TABLE 9

,Contingency Table for Description by Stage and Description by Mode,

.1

Operator-
Counting-
Pattern

Task 1

Formal t

Concrete

Selection
Reception

'10

4

3

11

.,

5

2

,

Task 2 '

Formal 9 9

Concrete 4 6

`Selection 3 18
Reception 10 5

-I

* /1%< .10, since for df = 2, x290 = 4.6

** < .05, since for df = 2, x2.95 = 6.0

3,3

patterd- X
2

Memory *obs

5 8.12**
14

. 13 7.29**
6

I

\

2 7.86**
10

.

7 5.77*
5

0

r

4IP
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TALE 10

ContingencyTable for Student Descriptions, Task 1 by Task 28 i

2.

Task 1

Descriptioni

Task 2 Descriptions

Operator Counting-
Pattern

'Pattern-

Meiorey

Operator

Counting -Pattern

Pattern-Memory

-

12

0

1

1

6

a

1

1

37
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TABLE 11

6 ^ . .
Mean Trials to Crit on and Operator Score- ..

.on.Task 2 for Groups Base on Task 1 Descriptioni

. Trials to Opera dr
' Group Task 1 Description , Criterion $c e

Task 2 Tas.k 2

1 OpL-ator 69.7

2 Counting-Pattern 9$.9
r .42

3 Pattern-Memory 166.1 .57If.47

.! 1

I

1

o.

4

ti
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Figure CaptImist

Fig. 1. The G'ameboards fpr Task 1 (toWana Task 2 (bottom)

Fig. 2. Operatio, Tables for Task 1 and Task 2

/-

Fig. 3. .The- 'Task Assignments
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